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Abstract 

We study a separability problem suggested by mathematical descrip- 
tion of bipartite quantum systems. We consider hermitian 2-forms on the 
tensor product H — K (g) L, where K, L are finite dimensional complex 
spaces. Such a form is called separable if it is a convex combination of 
hermitian tensor products a* a p of 1-forms a v on H that are product 
forms a p = tp p g) ip p , where <p p £ K* , ip p £ L* . 

We introduce an integral representation of separable forms. We show 
that the integral of D z * $* D,* $ of any square integrable map $ : C n — > 
C m , with square integrable conjugate derivative D z * $, is a separable form. 
Conversely, any separable form in the interior of the set of such forms can 
be represented in this way. This implies that any separable mixed state 
(and only such states) can be either explicitly represented in the integral 
form, or it may be arbitrarily well approximated by such states. 

Keywords Bipartite systems, quantum states, separable states, entanglement, 
hermitian forms, separability problem 



1 Introduction 

Notions of separability and entanglement of states of a compound quantum 
system are of vital importance in quantum physics and quantum information 
theory. They emerged with the discovery of the EPR effect pQ, however, the 
throughout analysis came much later [2 O |4j [5l [6] . Now the variety of theo- 
retical problems where they play a central role is constantly growing (quantum 
cryptography [7], quantum teleportation [S], dense coding [SJ, ...) and many 
theoretical properties are confirmed in experiments [TU1 HU [T2] ■ 

Testing if a given state is separable or entangled (i.e. non-separable) seems 
one of the central questions in the theory of compound systems. Given a pure 
quantum state, it is easy to decide if it is separable or entangled. For mixed 
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states this is not the case. At present there is no general and effective method 
to check if a given mixed state is separable or entangled and the problem seems 
hard [13] ■ The most effective neccessary condition is the partial transpose test 
IH [5] , which is also sufficient in small dimensions [S] . 

In this work we present an indirect criterion for a mixed state of a bi-partite 
system to be separable. We introduce integral representations of separable states 
and prove that any state having the integral representation is separable. Vice 
versa, any state in the interior of the cone of separable states can be represented 
in the integral form. 

To be more precise, denote TL = C m <8> (C n )* and let dp, be the standard 
Lebesgue measure in C™ ~ R 2n . With the use of identification Hom(C n , C m ) ~ 
C m ® (C n )* our main results (Theorems 13.11 and !3.2p can be stated as follows. 

Theorem 1.1 (a) For any square integrable map $ : C" — * C m having the 
conjugate differential D z *3>(z) 6 TL square integrable, the density operator (non- 
normalized mixed state) TL — > TL defined by 

[ |D,.$) (D,.$| dfx{z) (1.1) 

is separable. 

(b) Any separable mixed state in the interior of the set of separable mixed states 
can be expressed in the above form. 

(c) The above results also hold with C™ replaced with the complex torus CT™. 

From mathematical view-point it is more convenient to state and prove our 
results in terms of hermitian 2-forms. In particular, using hcrmitian forms will 
not require the use of scalar product in the statement of our results. 

Indeed, positive semi-definite hermitian 2-forms can be used to represent 
mixed states, instead of self-adjoint, positive semi-definite operators on a Hilbert 
space. If TL is an arbitrary Hilbert space, the obvious identification of these 
notions is given by the formula 

(w\p D v) = p f (w,v), 

where p is a self-adjoint operator in TL and pf : TLxTL — > C is the corresponding 
hermitian form, with respect to the scalar product ( • | • } in TL. In our case of 
TL = C rn ® (C™)* = Hom(C n , C m ) we use the scalar product 

(A\B) = trA ] B 

and then the identification, in the standard basis, is simply given by 

(Po)ijkl — (Pf)ijkl- 
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2 Separable hermitian forms 



Let If be a complex vector space. We will consider hermitian 2-forms on if , i.e., 
maps p : if x if — > C which are C-lincar with respect to the second argument 
and anti-linear with respect to the first one. Given a linear function / : if — > C, 
we denote by /* its complex conjugate, f*(z) = (f(z))*, where in the latter case 
* denotes complex conjugation in C. Given linear functionals a, (3 : if — > C, we 
define their hermitian tensor product a* (3 : if x if — ► C by 

(a* /3)(z, w) = l -{a*{z)P(w) + 0*(z)a(w)), 

which is a hermitian 2-form. In our considerations if will be the tensor product 

H = A L 

of complex vector spaces A, L of finite dimensions. 

Definition 2.1 A hermitian 2-form p : H x H — * C is called separable if it can 
be expressed as 

p 

p = o^, 
P =i 

where P > 1, er p : i7 — > C are linear functionals (elements of if*) such that 

a p = </0 V p , 

with ^ p G A'* and -0 P G L*, and (cr p )* denotes complex conjugation of a v . 

A form p is called product form if p = a* cr, where a = tp®ip, (p G A'* and 
6 I*. A positive semi-definite p is called entangled if it is not separable. 

Note that separable hermitian 2-forms are positive semi-definite. The sets 
of separable (respectively, product) hermitian 2-forms on if will be denoted by 
C sep (rcsp. Cp ro d)- These arc subsets of the real linear space C of all hermitian 
2-forms on if. Note that if the sum defining p is replaced by 

p 

P = J2\ {<>*)* ®o», 
P =i 

with A p > (equivalently, A p > and X p = 1) then we get an equivalent 
definition. Thus 

^sep — CO Cprod ; 

where co A denotes the convex hull of A. Since dimC = A 2 , where N = dim if , 
it follows from the Caratheodory theorem that in the above sums we can always 
take P < N 2 . The following fact is well known (as it is crucial in further 
considerations, we present its proof). 
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Proposition 2.2 The set of separable hermitian 2-forms is a closed, convex 
cone with nonempty interior in the space of all hermitian 2-forms on H . 

Proof. Convexity comes from the above remarks. To prove closedness we 
consider the set S of separable hermitian 2-forms 

N 2 

p=i 

with (Ai, . . . , A7V2) in the closed simplex defined by X p > and J2 P A p = 1, and 
ip p , ip p in unit spheres in A'*, L* (with respect to some fixed norms). The set S 
is a compact subset of the space of hermitian forms C, as the image of a compact 
set under a suitable map. It does not contain the zero form, as all such forms 
are nontrivial, positive semi-definite. The cone C sep of all separable hermitian 
2-forms is generated by S, thus C sep is closed. 

To prove that C sep has nonempty interior in C, it is enough to show that 
there is no nontrivial linear functional acting on C which annihilates C sep . To 
begin with, let us fix hermitian products in K* and L*, and orthonormal basis 
ex, . . . , e„ in A* and 71, ... , 7™ in L* (n — dim A", m = dimL) with respect to 
these products. Define two sets of vectors in A* and L* 

K = {e a + e K e b | a, b = 1, . . . ,n, &k = 1, i} C A"*, 
Lo = {ic + e-Lld I c,d= 1, ...,m, e L = l,i}cL*. 
Since (if <8> iji) (</? <E) iji) € C sej3 , for 95 g A , -0 S L ? it is enough to show that 

if an clement 9 6 C* of the dual space C* vanishes on every element 
(ip -0)* 0(ji® with <p € A and G Loj then 6 = 0. 

Denote 9 ijk i = 9 ((a 7j)*0(efc07;)), so that i]k i = 0* klij . We will successively 
show that 9ijki = for all i, k = 1, . . . , n and j, I = 1, . . . , m. In every step we 
will be using the identities from the previous steps. Note first that if a = b, 
c = d and e K = e L = 1 (i.e. e a + e a e K , 7 C + 7 C G L Q ) then 

= 6({2e a 2 7c )* (2e a 2 7c )) = 160 acac , 

and thus = 0. Next, if we take a ^= b, c = d and = 1 then, using 
hcrmicity of 9, we obtain 

= 0(((e a + e K e b ) 2 7c )* ((e + e K e b ) 2 7c )) = 8Rc(e K 6 acbc ), 

therefore Qijkj = 0, since real and imaginary parts of it vanish. Analogously we 
prove that 9iju = 0. Finally, if we take a b, c 7^ d, we obtain 

= 0(^((e a + e K e b )® (j c + e Lld ))* Q ((e a + e K e b )® (j c + e L j d ))^ 
= 2(Re(e K e L 0acbd) +'R.e(e K e* L 9 ali bc))- 

Since four combinations of ex and ej, give independent linear equations for real 
and imaginary parts of 9 acbd and 9 a d bc , we conclude that 9ijki =0. □ 
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3 Integral representations 



Let Hi , H 2 be vector spaces over C and let 

H = H 1 ® (H 3 )* = Horn (if 2 , #1). 

The dual space H* = (Hi)* iJ 2 — #2 ® (Hi)* can be identified with the space 
of maps Horn (Hi, H 2 ) and then the duality product is given by 

(A, B) = tr(AB) = tv(BA), A e H*, B e H. 

Given a C-linear map A : Hi —> H 2 , we define a hermitian form A A on 
H = Horn (H 2 , Hi ) , which is the hermitian product of two copies of the linear 
functional B — ► tr(AB), 

(A A)(B, C) = tr(BA)* tr(AC), 

where S,C £ Horn (H 2 , Hi). This form is also given by the bilinear extension 
of (A A)(v = (wAv)* wAv, for w,w € H 2 and v,v £ Hi. 

For a complex variable z = .t + iy and its complex adjoint z* = x — iy we 
use the usual notation dz = dx + idy, dz* = dx — idy for te complex 1-forms 
and d z = (d x — id y )/2 and d* z = (d x + id y )/2 for the dual complex vector fields. 
Then dz* A dz = 2idx A dy. 

Let us assume that Hi = C" and H 2 = C m . We shall consider a map 
$ = ($! , . . . , $ m ) : C" — ► C m which is square intcgrable and, as a map from R 2 " 
to M. 2m , it has weak differential which is square intcgrable. too. We denote by 
Z? z »$(z) G C m (C n )* the conjugate differential of $ at z which, by definition, 
is the complex linear map defined by the complex matrix 

(D z .$(z)) ij = d:.$ i (zi,...,z n ), 

where d*. = (d X] + id Vj )/2. The linear map D z *$(z) : C" -» C m can be 
considered as an element of the dual space H* to the tensor product 

H = C n (g> (C m )* . 

Denote 

dz* A dz = dzi A dzi A ... A dz* A dz n . 

Theorem 3.1 (a) For an arbitrary square integrable map $ : C" — ► C" 1 with 
square integrable conjugate differential D z *<&(z), the hermitian 2-form p$ : H x 
H — > C defined by 

P« = 7^/ (^*W)*0^«W dz*Adz (3.1) 

is separable. 

(b) Any separable hermitian 2-form in the interior of the set of separable her- 
mitian 2-forms can be expressed in the above form. 
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The same result holds with C™ replaced by the complex torus. Recall that 
the n-dimensional complex torus is the quotient group 

CT" = C"/A, 

with topology and Lebesgue measure inherited from C™, where A is the lattice 

A = {(27r(a! + . . . , 27r(a„ + ib n )) € C n \ a k , b k e Z, k = 1, . . . , n} 

in C". Given two points z,z E CT' 1 , there is a natural identification of the tan- 
gent spaces T z CT n and T z CT n via the standard parallel shift in C™. Therefore, 
as earlier, for any mapping $ : CT™ — > C m having the weak differential Z? 2 *$ 
the linear map D z *Q(z) : C™ — > C™ can be considered as element of the dual 
space H* = (C™)* <g> C m . 

Theorem 3.2 Statements (a) and (b) of Theorem \3.1\ hold if we replace C n 
with CT' 1 , i.e., for square integrable maps $ : CT" — > C m , with square integrable 
conjugate differential D z »$, and the integral is taken over CT™. 

Both theorems will be proved in the following two sections. We will also show 
(Theorem 1 7. ip that not all hermitian, positive semi-definite forms are integrally 
representable. Such forms lie in the boundary of the cone of all separable forms. 



4 Separability of p$ 



In proving statements (a) of both theorems we will use Fourier transform and 
the Hahn-Banach theorem. 

The following elementary facts will be used in the proof. Given a function 
/ : C — > C, we can write it as a complex valued function M 2 — > C by identifying 
f(x + iy) = f(x, y). Assuming that it is diffcrcntiablc at z = x + iy, we have 



d* z f{x + iy) = -(d x f(x,y)+id y f(x,y)). (4.1) 



Consider the Fourier transform of / 



p2 



m,0 = ^- I e-^ + ^f(x,y)dxdy. 
Then integration by parts gives 

o = mz, o, o^m, o = Km, o- 

Using (|4.1|) and taking n = £ + we aggregate this in the complex expression 
dim = l(dTm,0+idJ(^C)) 

= li(m,o+Kmo) = l^m- (4.2) 
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Let X be a finite dimensional vector space (or more generally, a Banach 
space). We shall need the following property, which follows from the Hahn- 
Banach theorem by a standard separation argument. 

Proposition 4.1 Let S C X be a subset and C C X be the smallest convex 
cone containing S. If C is closed and x$ G X is an element satisfying 

(y, Xq) > 0, for any y G X* such that (y, x) > for all ieS, 

then xq lies in C . 

We will concentrate on a linear space C over R of all hermitian 2-forms 
p : H x H — > C and its dual C* , with the duality product (•, ■) : C* x C — > K. 
Take any linear coordinates in K and L. We have associated coordinates in C 
and dual coordinates in C* . We can express 9 = (dijki) G C* and p = (pijkl) € C, 
in these coordinates, where Oiju* = #fcZij and Pijkl* = pklij- Then 

(0) P) = OijklPijkl- 
ijkl 

Proof of Theorem 13.11 (a). Recall that C pro( j denotes the set of prod- 
uct hermitian 2-forms, and C sep the set of separable hermitian 2-forms. Since 
the convex hull of C pro d is equal to C sep and it is a closed cone in C then, by 
Proposition 14. 11 p$ G C sep if (9, p$) > for all 9 E C* such that 

(0, p) > 0, for any p E C prod . 

Denote, for brevity, <9* = 3*^ . For 9 G C* in the conjugate cone to the cone 
of separable states and $ = ($i, . . . , $ m ) we can write 

(6,p$) = ^% H -L- / (^(z))* 9f dz* A <fe. 
ij'M ^) Re- 



using Fourier transform and Perseval's equality J f*gdz* Adz = J f*gdn* A dn 
we get 

(&*i(z))* Bt* k (z) dz* A dz = [ d«* A dn. 

Thus (|4.2[) . and the fact that is positive on product states gives 



rvT / ^Oijkl(iKj$i(K))*(iKl®k(K)) dn* A dn > 0, 

"J JC" -••r-r 



which ends the proof. □ 



Proof of Theorem 13.21 (a). The proof is analogous to the previous one. 
The only thing that one has to observe is the following. Given a square integrable 
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function / : CT" — > C, its Fourier transform / : Z" x Z n — ► C is given by the 
formula 

/(a, /?) = y-^— / e -*«*.«>+<v./9»/(z) dz* A <fe, 
(4tTi)" J CT „ 

where 2 = x + iy mod 27r(Z + zZ) are points in CT", (x,a) = J^a^a, and 
(y, /3) = X) S/iA- Then integration by parts gives 

d*f(a,f3) = ^i(a k + if3 k )$(a,p), 

and the Perseval's equality reads as 
1 



{f(z))*g(z) dz* Adz= J2 (/(«• /?))* ($(«. Z 3 )). 



(a,/3)GZ 2 « 



where g : CT" — > C is another square integrable function. □ 



5 Construction of <£> in Theorem 13.1( b) 

The construction of maps $ which produce or approximate an arbitrary sepa- 
rable hcrmitian form is divided into three steps. First we will prove that any 
product hcrmitian 2-form can be arbitrarily closely approximated by the hcrmi- 
tian 2-forms p$ . Then we approximate any separable hcrmitian 2-form. Finally, 
we prove that any separable hcrmitian 2-form in the interior of all separable her- 
mitian 2-forms can be expressed in the integral form ()3. 1|) . 

Step 1. Approximation of product forms. 

Consider the function f w : C" — > C given by 

f w (z) = h w (z) g a (z), (5.1) 
where w £ C" and a > are fixed and 

h w (z) = e <*.™>-<™.*> = e 2«m< Z ,« ) > ) = ( 7ra )-»/2 g-<*,*)/2a 

with (z,w) = X z *Wj. Clearly, 

d*f w (z) = {wj - §-)U(z). 
J la 

We have |/i w (2)| = 1 and, writing Zj = Xj + iyj, 
This allows to prove the following lemma. 



Lemma 5.1 

1 



{d*f w {z))*dtf w {z) dz* Adz = w* Wl + —5 jt 



(2») n ; c » 3 ~ — . 4a - 

Proof. We have (all integrals are taken with respect to the measure dz* A dz) 



(d*f w (z))*d?f w (z) = / K--V2a)>,-V2a)|/™(z)r 



w] Wl I \Uz)?+ I J^I^WI 2 



4n 



where the first integral is computed using the Fubini theorem in the form 
/ \U = T^flf e- {x ' +yi)/a dz;Adz a 

\na/ fJiJwn Jan 

and the standard integral 

f e- x2 ' a dx = v^a, (5.2) 
Ju 

while in computing the second one with j = I we use the above integral and 



..2, 



e x ' J/a dx = |. (5.3) 

The third and the fourth integrals are equal to zero as, after applying the Fubini 
theorem we obtain a factor of the form J c zie~\ z '\ I a dz1 Adzi, which is zero since 
the real and imaginary parts of the integrated function are antisymmetric with 
respect to corresponding (real or imaginary) axes. The same argument implies 
vanishing of the second integral, when j ^ I. □ 

We shall approximate the hermitian 2-form a* er, where a = tp ® ip and 
ip G C m , ip G (C™)*. To do that, let us take a > and consider the maps 
$ : C n -> C m given by 

where is the function defined in (|5.ip . with w = ip, and we denote (tp, z) = 
ip* Zi . By Lemma 15.11 we have 

(p^)ijkl = VtVk-Jr— (d*f i ,(z))*dif i ,(z)dz*Adz 



{2i) n 
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We see that, with a sufficiently large, the hermitian 2-form a* a can be 
arbitrarily closely approximated by pq, . □ 



Step 2. Approximation of separable forms. 

To prove that any separable state can be arbitrarily closely approximated by 
states in the integral form we use the result for product states. We start with a 
technical lemma. 



Lemma 5.2 For f v and f w of the form \5.1)) we have 
1 



(2iy 



(d*f v (z))*d:f w (z) dz*Adz = 



5 

' ~a 

Proof. Note that 



z -^r v {z)Uz) 



^ zifv(z)f w (z) - — J z*f*{z)f w (z), 

where all integrals are taken with respect to dz* A dz. With Zj = Xj + iy.j we 
have 

/;(*)/„(*) = K(z)hUz)9l(z) = e- 2iIm <^e 2iIm ^gl(z) 

n 
s=l 

Thus the proof of the lemma is a straightforward calculation analogous to the 
calculations in the proof of Lemma l5.H with the use of three additional integrals 

-x 2 /a e ; 7 z dx 



e ' e ' dx = \/ira e 4 



-x 2 /a iix j I la l -23± 

xe i a e n^ q] x — Jna e 4 , 

v 2 

2 -x 2 / a i T x , i — (2a - a 2 7 2 ) 
x e ' e ' dx = \/Tra ■ e 



/ 



□ 



Now consider a separable hermitian 2-form 

p 

p = ^K)*0^, 

where a v = ip p ip p , tp p e C m , -0 P <G (C*)" and we additionally require that 
ipp tpi for p 7^ q, and P > 1. The set of such 2-forms is dense in the set of 
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all separable 2-forms. Thus, it is sufficient to approximate such 2-forms. To do 
that we consider the map $ : C™ — > C m , 

$ ( z) = £ ^ = -J— f; e (^>-(^„> e -^>/2 Q) (54) 

p=i ^Traj 
where we use formula (|5.1[) for /^p's. By Lemma l5.2l we have 

p,q * > •' Cn 

= \ E (^)V* (C 3 ^ - ^)*(3# ~ <) + ^)e-»l*'-**l a . 
Since e - Q # p -i/ ,, l _> g, unless p = q, this expression converges to 

P =i 

when a tends to infinity. Thus we can approximate the form p with integrally 
representable forms p-q,. □ 

From the above proof we can easily obtain the first part of the following 
proposition. 

Proposition 5.3 For any P £ N, ipi, ...,<pp £ C"\ Vi, ■ • ■ , V>p S (C n )* and 
a > 0, tfte hermitian 2- form p with coefficients 

Pm = jE (^)Vfc(^ " ^)*(3V? - + ^)e-«l^-*'l a (5.5) 
p,q 

is an integrally representable separable hermitian 2-form and p = p® with $ 
given in [5.j$ - Moreover, every hermitian 2-form in the interior of the cone of 
all separable 2-forms is of the form (5.5\) . 

The second part of this proposition is equivalent to the statement of The- 
orem I37T] (b). Therefore, to end the proof of the theorem we need to prove 
the proposition. Before we do that we make a few remarks about integrally 
representable hermitian 2-forms, which follow from (|5.5[) . 

Remark 5.4 Assume that tp p = ip for p = 1, . . . , P. Then (|5.5[) reduces to 

pw = E ~ ^TW? ~ W + 5 f)e-^ p -^ 2 

p,i 

and p is of the form (ip* ip) (g) p, where p is a hermitian 2-form of rank n on 
C n (the rank of p is at least n, as we will see in Proposition 17. 5|) . 
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Remark 5.5 If we take %p p = ip, for p = 1, . . . , P, then the sum defining <!> in 
(|5.4p has the same exponential function and it reduces to one summand (this is 
the simplest case considered in the first step of the proof). By the same reason 
we see that there is no loss of generality to assume in (|5.4[) that tp p ^ ip q: if 

Step 3. Proof of the second part of Proposition [573l 

Consider a separable hermitian 2-form p in the interior of C sep C C, where C 
is the real vector space of hermitian 2-forms. It follows from Proposition 12.21 
that we can find D = dim spanC sep = (nm) 2 linearly independent separable 
hermitian 2-forms p 1 , . . . ,p D , considered as vectors in the space C of hermitian 
forms, such that p = Yld=i KiP d with K > 0> • • • i > 0. Without loss of 
generality (changing slightly p d , if necessary) we can assume that 

/ = ^( ff M)*0aM, 
P =i 

where P d > 1, a ip ^ = tp^ ® V (p ' d) , with ip^ G C m , V (p ' d) € (C n )* and 
^(p,c) ^ f or fa c ) ^ ( ?j d). For each d consider a mapping $^ : C" ->■ C m 

expressed by (|5.4[) with appropriate tp's and ^'s. Define the map <f> Q : M.® x C™ — > 

C m , 

$«(A 1 ,...,Az ? ,z) = ^v / A^^(^)- 

Take a = 1//3 2 . We introduce the mapping F : R+ x M -> C ~ R D defined by 

F(A 1 ,...,A D ,/?) = 

J (2i F / c „(-D,-^ 2 (A,z))*0Z? z ,$' 3 " 2 (A,z) dz*Adz, p^O 
\ P, = 

From formula (|5.5[) obtained in Step 2 we know that 

D P d 

F{\,(3) = ^^A d (a^)*0 ( 7^+ J R(A,/3) 

= ^A d(0d + i?(A,/3), 
where i? : x R -> C is a differcntiablc mapping of class C°°, given in 
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coordinates by 



4 

(P,c)?(q,d) 



<P.<=) _,/,<«•''> I 2 



Since F(X P , 0) = p, we can complete the proof by using the implicit function 
theorem. We only have to prove that the rank of the differential of F with 
respect to A is maximal at (A p ,0). But this is trivial since R(-,0) = (i?(-,/3) 
converges locally uniformly to zero function when (3 tends to zero) and p 1 , . . . , p D 
is a basis in C ~ R D . □ 



6 Construction of $ in Theorem 13.21 (b) 

Consider the family of mappings $ : CT™ — > C m of the form 

p 

$(z) = 2^ C ;Vxap, 6P W, (6.1) 

p=l 

where z = (z\, . . . , z n ) with z.j = Xj + iyj mod 27r(Z + iZ), PeN, and for all 
for p = 1, . . . , P we take <p p € C m , (a p , 6 P ) G Z" x Z", c p eH and 

XaJ3 ^(z) = (2^)- f V(^+^^). 

Without loosing generality we will assume that (a p , If) ^ (a q , b q ) ifp^q. Then, 
with if>P = ±( a P + ibP) G Q n + iQ n and iff G C"\ we have 

Lemma 6.1 

p 

p» = 5^(^(8) ^)*0(^® 
P =i 

Proof. Clearly, 

p 

p=l 

where <9* = | (9^ + i<9 yj ) . Since 
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wc find that 



(P*)w = T^r / (d*$i(z))*dt$ k (z)dz*Adz = 



{2i) n 



j 



Without coordinates one can write it as 

p 



p* = 52(<f®VY ©(^®^ p )> ( 6 - 2 ) 
p=l 

where V p = ^r(aP + i6 p ). □ 



Remark 6.2 Note that the set of forms 

p 

P =i 

with arbitrary P > 1, ^ g C m , and ^ p g (Q + iQ) n , is convex. 

Proof of Theorem \3.2\ (b). It follows from the lemma that every separable 
hermitian 2-form can be arbitrarily closely approximated by the forms p$ , since 
the set of ip p of the above form is dense in C". This, together with the fact 
that the set of such forms is convex, implies that every hermitian 2-form in the 
interior of C se p is integrally representable. □ 



Remark 6.3 Assume that we allow infinite summation in (|6.1[) with additional 
requirements that 

oo oo 

5> p -V| 2 <°o, ]>> p -VK + ^)| 2 <°o, (6.3) 

p— 1 p— 1 

for j = 1, . . . , P. Then it is obvious that (|6.1[) can be considered as a Fourier 
series, and every square integrable mapping from CT™ to C m with square inte- 
grable differentials is of this form. Thus the set of separable hermitian 2-forms 
which are integrally representable on a torus is the closure of the set of the 
2-forms p$ given by (|6.2|) . in the topology given by the pseudonorms in (|6.3j) . 
In particular, we have the following result. 

Proposition 6.4 A product form p = a* a with a — ip <g> if) ^ is integrally 
representable on CT ra iff the coordinates if>x, . . . , ip n of ip are commensurable, 
i.e., there exist integers a±, . . . , a n , b±, . . . ,b n and a complex number weC such 
that ipj = w{a,j + ibj), for all j . 
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Proof. The " if part follows from Lemma 16.11 with P = 1 . To prove the 
converse, assume that a product hermitian 2-form p is integrally representable. 
Then, by the above remark, it has a representation (|6.2p with infinite sum and 
the additional requirements (|6.3p . Since p has rank one, there exist a product 
form ip ®ip € C m (C™)* and complex numbers wi,W2, ■ ■ ■ such that 

tp p -0 P = Wpip ?/>, p = l, 2, 

Then, if u> p ^ 0, we can write </? p = u p ip, ip p = Wpf/') with nonzero complex 
numbers u p ,v p . Since tp p = c~ 1 (a p + ib p ), we get ip = u>(a p + ib p ), where 



7 Integral representation condition 

As we have seen in Proposition 16.41 there are product forms that can be inte- 
grally represented on the torus. For the complex linear space this is not the 
case, as we will see in the following theorem. 

Theorem 7.1 (a) No product hermitian 2-form can be expressed in the integral 
form i3.1\) over C™ . 

(b ) Furthermore, if a hermitian 2-form p is representable in the integral form i3.1\ ) 
over C™, then it satisfies the following condition. 

(IRC) If there exist v e (C m )*,wo € C" \ {0} such that p(v ®wo,v ®wo) = 0, 
then for all w £ C™ we have p(vo ® w, Vq ® w) = 0. 

We will call (IRC) the integral representation condition (necessary for integral 
representability of p). 

Proof. (a) It is enough to prove this statement for the hermitian 2-form 
Po = a* a with a = 71 (g> e 1; where ji, . . . , 7 m is the standard basis in C m 
and ei, . . . , e„ is the dual basis to the standard basis in C™. The general case 
reduces to this one by linear changes of coordinates in C m and C™. 

We will show that there is no map $ such that p$ = (71 ei)* (71 ei). 
Assume that there is such a map. Then from the definition of p$ we have 

S a 6 kl - (p*W = 7^r/ (d^iizWd^kiz) dz* Adz, 

= (p<f>)ijkl = TTpTn / (dj$i(z))*d*$k(z) dz* Adz Vj^iorl^l 
(41) J Cn 

For i = k and j = I, the above equations imply that for any i = 1, . . . , m 

||a*$,|| L 2 = 0, j=2,...,n, 

where || • \\l2 denotes the standard I? norm. From these expressions we deduce 
that for i 7^ 1 

5**^0 a.e., j = l,...,n. 
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Now from a remark to Theorem 4.6.10 in [H] it follows that, for i ^ 1, the maps 
: C" — > C are holomorphic on C™, and since we assume that they are square 
intcgrable, we have 

For i = 1 we have 

= a.e. V i ^ 1. 

Again from the remark mentioned above we obtain that for all Z\ G C the 
function 

$ Z1 := ^(z!,- ,...,•) iC"- 1 ->C 

is holomorphic on C" -1 . Trying to find any nontrivial square intcgrable function 
$! to our problem, take any square integrable function g : C n — > C which fulfils 
compatibility conditions d*g = for all j ^ 1. Then by Theorem 4.6.11 in [T4] . 
there exists locally square integrable solution to the equations 

d;$i = 5 lj9 , j = l,...,n. (7.1) 

If, additionally, for some g the solution $i is square integrable then, by the 
Fubini theorem, $ Zl must be square integrable function for almost all z\. This 
means that 

3> Z1 = 0, for almost all z\, 

as the null function is the only holomorphic square integrable function on C n . 
In consequence, 

||$i|U= =0 

which, together with <F; = for i ^ 1, contradicts the inequality p§, 7^ 0. 

(b) Just like in the proof of (a), we can assume that vo = 71 G (C m )* and 
Wo = ?i G C" , where 71, ... ,7m is the dual basis to the standard basis in C m 
and ex, .. . ,e n is the standard basis in C ra (the case of v = is trivial). By 
the assumption, there exists a square intcgrable map $ : C" — > C m , such that 
p = /?$, in particular, 







p(w ®u;o,«o®u;o) = 7^-/ |0J"$i(z)| 2 dz* A dz. 



Thus djf^i = and, by arguments as above, we deduce that <I>i(zi, z 2 , . . . , z n ) is 
a holomorphic function of Z\, for almost all (z2, ■ ■ ■ , z n ) G C n_1 . A holomorphic 
function in L 2 (C) must be identically zero, thus <&i = 0. Therefore, for all 
w G C" we have 

p(v ®w,v Q ®w) = y^5 H wU lk w l7 ^— [ (dj<f>i{z))*d?$ k (z) dz* Adz 



E w >< 7^7 J W*) dz* A dz = 0, 



which is our assertion. □ 
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We will now analyze the integral representation condition. Consider a tensor 
product H = K®L, where K and L are vector spaces over C of finite dimensions 
m and n, respectively. Let p : H x H — > C be a nonzero separable hcrmitian 
2-form. We denote by p : H — > R the quadratic form associated with p, i.e. 

p(v) = 

Define two sets ker^p C K and ker^p C L by 

ker^p := {v £ K \ Vw G L p(v <8> w) = 0}, 
ker_tp := {to e L Vu G L p(w g) iu) = 0}. 

Let 

p 

p = E ( ffP )* © < 

where P > 1 and er p € i7* are linear functionals cr p = <y3 p ® "0 P , with ip p G K* 
and ip p G L* . Then ker^p is the intersection of the kernels of f p, s, and keri,p 
is the intersection of the kernels of tl> p 's i.e. 

ker^p = f^ker^ C K , kcr^p = (^|kcr?/» p C L. 

p p 

Indeed, if v belongs to the intersection of the kernels of all <p p 's, then it is 
obvious that v G ker kP- Vice versa, if there exists po such that (f p °(v) ^ 0, 
then ~p(y ® w) > for all w ^ ker?/> Po , as all terms a p * a p defining p are 
nonnegative quadratic forms. The proof of the second equality is analogous. 
From these equalities it follows that ker^p C K and ker^p C L are linear 
subspaces of nonzero codimensions (since p ^ 0). 
Let v = vi + Vk G K, where Vk £ ker^p. Then 

p(w (8) w) = p(«i g) w). 

Thus, for any vector [v] € K / ker^p the quadratic form p^j : L — > R given by 

is well defined. 

Proposition 7.2 -For any separable hermitian 2-form p the following conditions 
are equivalent. 

1. (IRC) If there exist vq G K and wq G £\{0} such that p(i>o ® wq) = 0, 
then for all w G L we have p(t>o ® w) = 0. 

2. If v £ K, w £ L \ {0} and ~p(v ® w) = i/ien w € kerjf p. 

3. For all 7^ [v] G K/keiKP the quadratic form pr v i is strictly positive 
definite. 
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Proof. (P [2]) This implication is obvious. 

([2] =J> [3j) Assume that there exists 7^ [v] € if/ ker^p such that p< v i is not 
strictly positive definite. Then there exist w G L \ {0} such that P[„i(w) = 0. 
From the definition of pr„i and condition[2]we have that v £ ker^p and therefore 
[v] = 0. 

([3] =>• [1]) Assume that there exists v £ K,w £ L\{0} such that p(v (g> w) =0. 
Then condition [3] implies that [v] = £ K/keiKP i-e. w € ker^-p and therefore 
for all w e i we have p(u ® iu) = 0. □ 

Corollary 7.3 // i/ie integral representation condition holds for a nonzero sep- 
arable hermitian 2- form p then ker^p = 0. In particular, if p is integrally 
representable on C n , then ker^p = 0. 

Proof. Assume that ker^p 7^ {0}, and take any 7^ v £ K \ ker^p and 
w £ kerijo\{0}. Then ~p(v®w) = 0, which contradicts condition[2]in Proposition 
17.21 The second statement follows from Theorem 1 7. II □ 

Remark 7.4 Note that the negation of (IRC) gives an almost sufficient con- 
dition for entanglement of hermitian 2-forms. Namely, if a positive definite 
hermitian 2-form does not satisfy (IRC) , then it belongs to the boundary of the 
cone of separable 2-forms, or it is entangled, by Theorem 13. II (b) and Theorem 
O 

Proposition 7.5 If a nonzero hermitian 2-form p is integrally representable 
then it has rank at least n = dimi. 

Proof. As we have mentioned above, since p 7^ 0, codimension of ker^p in K 
is nonzero. Thus K/kevxp is nonempty. Therefore, using Theorem 17.1T b) and 
condition [3] in Proposition 17.21 we deduce that if p is integrally representable 
then there exists [v] £ K / ker^- p such that the quadratic form p^j on L is strictly 
positive definite i.e. has rank n. Thus there exists n-dimensional subspace in 
K ® L such that the quadratic form p is strictly positive when restricted to this 
subspace. Thus its rank is at least n. □ 

One could expect that the rank of the integrally representable hermitian 
2-form p always equals codim(ker^p) ■ dim(L). An example presented below 
contradicts this assertion. The example is a special case of the following propo- 
sition, which gives an interesting class of integrally representable forms. 

Proposition 7.6 Let f : C™ — > C be a twice differ entiable function (in the real 
sense), such that its first and second conjugate derivatives are square integrable. 
Denote by 

$ = D*f = (Olf, d*f) : C" -> C™ 

the conjugate gradient of f . Then the hermitian 2-form p$ given by \3.1\) is 
separable on C" ® (C™)* and its kernel contains all antisymmetric tensors. 
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Proof. From Theorem 13.11 the hermitian 2-form p$ is separable. So we need 
to check that p$(c) = for every antisymmetric tensor c. But this is obvious 
since the second conjugate derivative is a symmetric operator and therefore 




□ 



Example 7.7 Consider a function / 



C given by 



±;(4\z\ 2 -4a 2 (4>,z*)+a 4 \w\ 2 ) 



where a > and ip £ (C™)*. Denote by <J>(z) = D* f(z) the conjugate differential 
of this function and consider the mapping $ : C™ — » C™. Thus $ determines a 
separable hermitian 2-form on C™ (E> (C™)* with coefficients 



1 



ijkl 



(d*d*f(z))*d* k dtf(z) dz* A dz 



16 

(2i)' 



- - - - 4)l/(^)| 2 dz* A dz. 



Clearly, if ip s = ipl + iiftl, for s = 1, . . . , n, then 



*l \2 



S=l 



Hence, using the Fubini theorem, one can integrate real and imaginary parts 
separately. Using standard expressions for first four gaussian moments, one can 
check that 



ijkl 



i'iipjipkipi 



or 
1 



(SikSji + SjkSu). 



Now if wc evaluate at a general element c€ C® (C™)*, we obtain 

Pi>(c) = ^MijklctjCkl 
ijkl 

= I Y ^ %Ct i ^ + ~2 Y I Y ^ ( c v + c ^ ) + Y i ci o + c ^ i 5 
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Therefore we see that p^{c) = for every antisymmetric tensor c. On the 
other hand if c is not antisymmetric then the third sum of the above expression 
gives positive contribution to it. Thus rank of equals " ( -" 2 +1 ' ) that is the 
codimension of the space of antisymmetric tensors. 

8 Concluding remarks 

We presented integral formulas for separable mixed states of bi-partite finite 
dimensional systems. The states which can be integrally represented are auto- 
matically separable. Almost all separable states (in particular, all lying in the 
interior of the set of such states) can be represented in the integral form. 
There are natural questions related to our results. 

Ql The map <E> in the integral formula for a given state is not uniquely deter- 
mined by the state. It would be advantageous to isolate a subclass of maps 
$ in which the representation is unique. Does it exist such a subclass? 

Q2 Can the results be generalized to H = K <g) L, with infinite dimensional 
K or LI 

Q3 Can they be generalized to multi-partite systems? 

We do not know the answer to question Ql. Answering question Q2 we see 
that the space L = C™ can not be replaced by an infinite dimensional Hilbcrt 
L space because there is no natural measure on L to be used in the integral 
representation. On the other hand, it is possible to replace K = (C™)* with 
an infinite dimensional Hilbcrt space K. In this case a map $ : C™ — ► K* 
should play the role of the previous map $ : C™ — > C m and statements (a) 
in Theorems 13.11 and 13.21 remain true, with almost the same proofs. However, 
statements (b) can not be true as Proposition 12.21 does not hold in the case of 
infinite dimension. Namely, in this case the cone of separable hermitian forms 
is closed, convex and nowhere dense in the space of all hermitian operators (see 
[T5]V Statements weaker then (b) follow from our results, by taking maps $ 
with images in finite dimensional subspaces of K. 

Question Q3 seems to have a negative answer if we try to generalize our 
approach literally. However, there is a different way of representing separable 
states in an integral form, which works for multipartite systems, too. This 
approach is a subject of a forthcoming paper by the same authors. 
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